It is well known that if a crystal structure has no inversion symmetry, it may allow for Dzyaloshinskii-Moriya magnetic interactions, operating between different crystallographic unit cells, which in turn should lead to the formation of long-periodic spin-spiral structures. Such a behavior is anticipated for two simple perovskites PbVO 3 and BiCoO 3 , crystallizing in the noncentrosymmetric tetragonal P 4mm structure. Nevertheless, we argue that in reality PbVO 3 and BiCoO 3 should behave very differently. Due to the fundamental Kramers degeneracy for the oddelectron systems, PbVO 3 has no single-ion anisotropy. Therefore, the ground state of PbVO 3 will be indeed the spin spiral with the period of about one hundred unit cells. However, the evenelectron BiCoO 3 has a large single-ion anisotropy, which locks this system in the collinear easy-axis C-type antiferromagnetic ground state. Our theoretical analysis is based on the low-energy model, derived from the first-principles electronic structure calculations.
model, which can be derived from the multiorbital Hubbard model. Particularly, we consider the formation of incommensurate spin-spiral states, resulting from the competition of the isotropic exchange and Dzyaloshinskii-Moriya interactions, and explain the main difference in the behavior of the single-ion anisotropy in PbVO 3 and BiCoO 3 . In Sec. III B, we will present results of extensive Hartree-Fock calculations for the long-periodic spin-spiral states in the electronic Hubbard model. Finally, in Sec. IV we will briefly summarize the main results.
II. CONSTRUCTION OF THE LOW-ENERGY MODEL
The magnetic properties of PbVO 3 and BiCoO 3 are mainly determined by the behavior of 3d-bands located near the Fermi level. Therefore, our basic idea of our approach is to construct an effective low-energy model, formulated in the Wannier-basis for the 3d-bands, and to solve it by using model techniques. More specifically, we adopt the form of the multiorbital Hubbard model on the lattice of transition-metal sites:
where we use the shorthand notations, according to which each Greek symbol stand for the combination of spin (s= ↑ or ↓) and orbital (m= xy, yz, 3z 2 −r 2 , zx, or x 2 −y 2 ) indices.
All parameters of the model Hamiltonian can be derived in an ab initio fashion, on the basis of first-principles electronic structure calculations. For instance, the one-electron part t αα ′ ij was obtained by using the downfolding procedure, and the Coulomb (and exchange)
interactions U αα ′ α ′′ α ′′′ -by combining the constrained density-functional theory (DFT) with the random-phase approximation (RPA). describes the crystal-field effects, while the off-diagonal part stands for transfer integrals.
The crystal field stabilizes the xy orbitals (Fig. 2) . The splitting between xy-and the following after them yz-and zx-orbitals is about 1 eV, both for PbVO 3 and BiCoO 3 . The 
for PbVO 3 and BiCoO 3 , respectively, in the basis of xy, yz, 3z 2 −r 2 , zx, and x 2 −y 2 orbitals.
The microscopic origin of such forbidden hoppings was considered in Ref. 10 : due to the parity violation, the Wannier orbital, which is formally labeled as "3z 2 −r 2 " has some weight of the p z orbitals and, therefore, can interact with the zx orbitals of the neighboring sites.
Such hoppings give rise to the antisymmetric part oft ij , which is responsible for the ap- For the relativistic spin-orbit interaction (SOI), we adopt two schemes. In the first one, we evaluate SOI only at the transition-metal sites and add it to the site-diagonal part of t αα ′ ij in the form ξLS, where ξ= 35 and 81 meV for PbVO 3 and BiCoO 3 , respectively. Thus, the effects of the SOI are expected to be larger in BiCoO 3 : due to large ξ and smaller crystalfield splitting (Fig. 2 ), which competes with SOI. If it is not specified otherwise, we will refer to this scheme, for which most of the calculations have been performed. Nevertheless, as a test, we use also the second scheme, where SOI was included at all atoms on the level of the band-structure calculations and then corresponding parameters t αα ′ ij were derived through the downfolding procedure. For example, this schemes takes into account the effect of large SOI at heavy atoms Pb and Bi.
The spin-dependence of Coulomb matrix elements has the standard form: Table I . One can clearly see that the on-site Coulomb repulsion U is strongly After the construction, the model (1) is solved in the Hartree-Fock (HF) approximation.
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III. RESULTS AND DISCUSSIONS
A. Qualitative analysis based on the spin Hamiltonian
The existence of the spin-spiral states in noncentrosymmetric perovskites can be understood in the framework of the spin model:
(where J ij is the isotropic exchange interaction, d ij is the vector of antisymmetric DzyaloshinskiiMoriya interactions, andτ ii is the single-ion anisotropy tensor), which can be obtained by mapping the electronic model (1) onto the spin one and integrating out all degrees of freedoms but spins. There are several ways how to do it. One possibility is to consider the perturbation-theory expansion with respect to the infinitesimal spin rotations and SOI near the nonrelativistic ground state in the Hartree-Fock approximation. 15 In the following, the results of such model will be denoted by the symbols 'inf '. Moreover, for the d 1 configuration of PbVO 3 one can easily consider the theory of superexchange interactions in the second order with respect to the transfer integrals (in the following denoted by the symbol 'set').
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Then, neglecting for a while the single-ion anisotropy term, the energy of (classical) spin spiral in the zx-plane,
(R i being the radius-vector of the site i), is given by
and the spin-spiral vector q = (q x , π, 0) in the ground state should correspond to the minimum of E(q). Obviously, the isotropic exchange interactions (J 0i ) will tend to establish a collinear spin structure with qR i = 0 or π, while Dzyaloshinskii-Moriya interactions (d y 0i ) will deform this structure and make it incommensurate.
14 The Dzyaloshinskii-Moriya interactions are also responsible for the asymmetry between right-handed (q x > 0) and left-handed (q x < 0) spin-spiral states, which is manifested in the inequality E(q) = E(−q).
Parameters of isotropic exchange interactions (J ij ) are listed in Table II . We note that and BiCoO 3 , respectively. The experimental Néel temperature for BiCoO 3 is 470 K. 3 The situation in PbVO 3 is rather controversial. On the one hand, the results of the neutron powder diffraction experiment are not conclusive, because their interpretation strongly depends on the magnetic structure, which was assumed for the analysis of experimental data. 4 On the other hand, the magnetic susceptibility of PbVO 3 does display a broad maximum at around 200 K, which could be regarded as the sign of an antiferromagnetism. Moreover, the G-type antiferromagnetic order was proposed for the thin films of PbVO 3 below 130 K.
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Parameters of Dzyaloshinskii-Moriya interactions are shown in Table III . They are at Using these parameters, the spin-spiral vector q x , can be estimated as q x a = π − ∆φ (a being the lattice parameter in the xy-plane), where ∆φ= 6 × 10 3 π and 4 × 10 3 π for PbVO 3 and BiCoO 3 , respectively. Thus, by considering only J ij and d ij , both materials are expected to form spin-spiral structures, involving more than one hundred unit cells. As we will see below, this scenario indeed holds for PbVO 3 , but not for BiCoO 3 .
The main difference between PbVO 3 and BiCoO 3 is in the behavior of the single-ion anisotropyτ ii . For the S = 1/2 compound PbVO 3 ,τ ii is expected to be zero as the consequence of fundamental Kramers degeneracy for the odd-electron systems. Particularly, the ground state of the self-interaction free ion V 4+ is the Kramers doublet. Therefore, the rotation of spin corresponds to the unitary transformation of the wave function within this doublet without any energy cost. The situation is completely different for the S = 2 (or even-electron) compound BiCoO 3 : the Kramers theorem is no longer valid, which formally allows for the finiteτ ii . This statement can be verified by direct calculations of the anisotropy energies ∆E = E − E ⊥ (where the symbols " " and "⊥" correspond to the spin configurations, where S i is parallel and perpendicular to the tetragonal z-axis). In the C-type AFM state, it yields ∆E= 0.02 and −5.63 meV per formula unit for PbVO 3 and BiCoO 3 , respectively. Moreover, the main contribution to ∆E indeed originates from the single-ion anisotropy. This can be seen by repeating the same calculations in the atomic limit (and enforcingt ij =0 for all i =j), which yields ∆E= 0 and −5.86 meV per formula unit for PbVO 3 and BiCoO 3 , respectively. Small deviations from the atomic limit are due to intersite (i =j) anisotropic interactionsτ ij , which can be evaluated in the 'set'-model and are at least one order of magnitude smaller than d ij . comparison with PbVO 3 . Therefore, inter-site anisotropic interactions become stronger, which is reflected in some bunching of the spin magnetic moments around the horizontal x-axis in the hypothetical 'single-electron BiCoO 3 ' (similar bunching exists in PbVO 3 - Fig. 4 , but the effect is considerably weaker). Second, the easy-axis alignment in BiCoO 3 is solely related to the single-ion anisotropy term: as long as it is absent in the hypothetical 'single-electron BiCoO 3 ', the spin magnetic moments start to regroup around the x-axis.
Finally, we comment on the dependence of our results on different levels of treatment of the relativistic SOI. We consider two such schemes: (i) the SOI was included to the model Hamiltonian as a pseudo-perturbation only at the transition-metal sites, 10 and (ii) the SOI was included at all sites of the system (including heavy Pb and Bi elements) in the process of downfolding procedure. However, the distribution of the spin magnetic moments, obtained in these two schemes, is practically indistinguishable (Fig. 7) . Thus, the SOI at the heavy Pb-and Bi-elements does not seem to play an important role in the magnetic properties of PbVO 3 and BiCoO 3 .
Being based on results of the low-energy electronic model, derived from the first-principles electronic structure calculations, we analyzed possible magnetic structures of two noncentrosymmetric perovskites PbVO 3 and BiCoO 3 . We have argued that, despite structural similarities, the magnetic behavior of these two materials is expected to be very different.
PbVO 3 , with the spin S = 1/2, should form a long-periodic spin-spiral state, which results solely from the competition between isotropic exchange and Dzyaloshinskii-Moriya interactions in the noncentrosymmetric crystal structure. Due to the Kramers degeneracy, the single-ion anisotropy does not operated in PbVO 3 . However, the latter is expected to play a major role in BiCoO 3 , which has the spin S = 2. Particularly, the single-ion anisotropy suppress the noncollinear spin-spiral alignment in BiCoO 3 and enforces the formation of the C-type antiferromagnetic ground state, in agreement with the experiment.
